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The exchange term in the generalized Hartree-Fock equation found by the Green’s-function method is
investigated with an electron gas in a metal in mind. This term contains a generalized exchange charge
density and a generalized exchange potential function. The latter not only is shielded, but contains effects
depending on the spin of the particle being described by the Hartree-Fock equation. This spin dependence is
calculated for spin deviations periodic in the lattice, and also for the case of static spin density waves. The
original Overhauser spin-density-wave integral equation, arising from a perturbation in the exchange charge
density, now must incorporate the corresponding perturbation in the exchange potential function. It is
shown that the two perturbations are of the same order of magnitude, and that the constant solution of the
integral equation is no longer valid under the same type of approximation.

1. INTRODUCTION

T has been shown by Hubbard! in 1957 that the po-
tential function that appears in the exchange
potential of the Hartree-Fock equation for a system of
electrons (in a metal, say) should be shielded. Shielding
of one sort or another has been used in solid-state
problems long before that, however, one of the earliest
examples perhaps being the screening in electron-
phonon scattering.? The screening in the Hartree-Fock
exchange potential and the screening in scattering
problems are intimately related, since both can be
formulated in terms of the response of the system to a
disturbance. Therefore, we can sometimes usefully allow
the results of scattering theory to serve as a guide to the
shielding in the exchange term of the Hartree-Fock
equation, when the former has been studied more com-
pletely than the latter. Now in the case of electron-
phonon scattering, it is well known that an exchange
correction should be taken into account in the shield-
ing.3* This correction can be treated® by adding a bare
potential disturbance to the Hartree-Fock equation (in
the exchange term of which the potential must be
shielded, but that is not the problem yet), and then
calculating by perturbation theory the response of the
“direct” and “exchange’ terms to this disturbance. The
latter response is the exchange correction. Another
procedure? is to include “diagonal” exchange terms in
the canonical transformation method for screening.
Both give the same results. We therefore in this paper
shall search for a corresponding exchange correction in
the potential function that appears in the exchange
term of the Hartree-Fock equation. One important
reason for doing this is that this exchange correction is
spin dependent, so that in problems concerning mag-
netic impurities in a metal, or in fact in any magnetic
problem, the spin dependency of the shielding must be
taken into account. We shall see in fact that it must be
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playing an important role in the problem of static spin
density waves.’

The starting point for the paper is the formulation of
the “generalized Hartree-Fock equation” that comes
from Green’s function theory. If we define the usual
Green’s function as G,(1,1’), depending on the spin ¢ of
particles at points 1, (x1312:41), and 2, and if we use the
variational derivative form of the Green’s function
equation® (we shall use Ref. 6 for our constant source of
Green’s function lore), we have for a system of electrons
interacting by means of a (bare) Coulomb potential
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U(1,0) is a spin-dependent perturbing potential. Equa-
tion (1.1) is our generalized Hartree-Fock equation. It
is rigorous. It is of Hartree-Fock form in that the
interactions are divided into two parts, one of which can
be identified as the “direct” term, the other as the
“exchange” term. The direct term contains an obvious
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times the dare Coulomb potential, whereas the exchange
term contains an exchange density

iG,(1,3) (1.5)

times a quite complicated shielded three-point potential
function V,,(3,4]1), which has yet to be evaluated. The
screening referred to in the first paragraph refers to the
screening contained in this V. It will contain an ex-
change correction, as we shall see. From our point of
view, the solution of the many-body problem consists in
finding V,.(3,4|1) as a function of the G’s.

In order to make a one-electron equation out of this
(i.e., to find the elementary excitations), we set the
left-hand side equal to zero, replacing the time deriva-
tive by an energy eigenvalue. If we replace the G func-
tion by a wave function

9o (1) exp(—iEpt) (1.6)

and divide out the exponential factor (or alternatively
integrate over ¢) we get

[Epv+ V12/2"'”‘_' U<10')]$0pu(r1) + Wdirect(ﬂapa)

+Wex,v(¢pa(r1))zoy (17)
where
Wdirect(ﬁopv):/dzl:i Z G¢2(2,2+)]
Xv(1=2) ppo(ry), (1.8)

Wex,o (@po (11) )= /d3d4[iG, (1,3)]

X2 Viooa(3,4| 1) @por (ra) . (1.9)

This “effective wave equation’” has a number of peculiar
properties as a one-particle equation (see Ref. 7, pp.
61-62). Foremost among these is that W is in general
not Hermitean, which implies that the eigenvalues are
not necessarily real, in which case the particles would
decay and we have an unstable situation. In this paper,
we shall be interested in situations, where Eq. (1.7) has
the same character as an ordinary one-electron equation,
and we shall assume Hermiticity in what follows. A
second peculiarity is that W depends on time in general
[or alternatively on E if we had integrated over time:
see below Eq. (1.6)]. This problem disappears if we
make approximations which reduce V(3,4|1) to a
“local” interaction (fi=1{3=ts). In Sec. 4, and in Ap-
pendix A we make such approximations. Thirdly, the
equation is nonlinear. This is nothing really novel, how-
ever, as the ungeneralized Hartree-Fock equation is also
nonlinear.
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The problem we set for ourselves is the evaluation of
V in some special cases, mainly, to see how the spin
dependency enters in and how it would modify previ-
ously made calculations®=® which treated it as spin
independent.

In Sec. 2, we obtain the equation for ¥, and reduce it
to a form accessible to solution by an iteration pro-
cedure. The zeroth iteration consists in neglecting all
exchange effects. The V calculated on that basis is then
substituted back into Eq. (1.1) for the first iterated
equation. We then find that accompanying the response
of the exchange charge density, there is a response from
the (shielding in the) exchange potential function, the
latter being quite a bit more complicated than the
former.

In Sec. 3, the spin deviations are assumed to have the
periodicity of the lattice. We find general expressions on
the basis of the first iterated equations of Sec. 2. The
result contains both the responses of the exchange
charge density and of the exchange potential function,
the presence of the latter providing a different answer
from that in Refs. 3 and 4 even for the case of no spin
deviations. Polarization effects of a modified Wolff® type
enhance all the spin effects.

In Sec. 4, we apply the formalism to Overhauser’s
spin-density waves, and it is found that the spin de-
pendency of the exchange potential function is a not
negligible effect. The resulting integral equation was not
solved, however, and it is not clear under what condi-
tions it has solutions (other than the trivial one).

In Appendix A we reduce the spin-independent
shielding of Sec. 3 to more familiar form, and include
there a calculation of the Wolff polarization that indi-
cates it to be rather large under certain conditions. In
Appendix B, an estimate of one of the new terms in
Sec. 4 is made. And in Appendix C, a comparison of two
iteration procedures is made.

It may help to avoid confusion to point out that we
are using the term ‘“Hartree-Fock” in a very loose way.
Our generalized Hartree-Fock equation, (1.1), is rigor-
ous, and is not at all the Hartree Fock approximation of
Ref. 6. To get the latter from the former, we would
replace V,(4,3]|1) by 6(3—4)v(4—1).

2. THE EQUATION FOR V

From Eq. (1.2), it is clear® that an equation for ¥ can
be obtained if we invert Eq. (1.1), obtaining thereby an
equation for G, and then take its variational de-
rivative

(¢i+z‘—* U(la))a(l— 1)+ / A2 Y Goy(2,29) o(1—2)5(1—1')

6!1 2m

- f 3G (L] T Ve BV [D)=Go(L1),  (21)

7V. L. Bonch-Bruevich and S. V. Tyablikov, The Green’s Function Method in Statistical Mechawics (North-Holland Publishing

Company, Amsterdam, 1962).

8 P. Wolff, Phys. Rev. 120, 814 (1960). This result was also obtained by the method of Ref. 3; see M. Bailyn, Scientific Paper
029-B000-P2, Westinghouse Research Laboratories, 1961 (unpublished).
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V,(ab[c)-—-&(a-—b){v(a-—c)—- / d3d4d50(a—3)T Lo (3,4,5,3)V (4,5]0) }+ / d3d4d5V (4,5 c)

X[Le(2,4,5,3)V.(3,b|a) 1+i / d2d3v(c—2)G,(a,3)% 8V, (3,b|0)/6U (202), (2.2)

where

L.(1,2,3,4) =G, (1,2)G,(3,4) .

In Eq. (2.2) we have used the notation

Vo(ablc)=Y_ Ve (ablc),

2.3)

(2.4)

as that is the quantity that appears everywhere. It should be noted however that if the disturbance U is a magnetic

field or such like

U2, £)==xHp,

2.5

then the response to the magnetic field is not the sum as in Eq. (2.4), but

8
oM (1,2]3)= ———G(1,2)+
8U(3

+)

whose equation is

Mor (d,b | C) :Fﬂ06 (a—b)5 (d—C)

G.(1,2), (2.6)

U (3—)

= ] d3d4d50(a—3)Y" Lo (3453)M , (4,5] )8 (a—b)+ / d3d4d5M ,(4,5)c)

X[ Lo(,4,5,3)V.(3,]a)]—4 / dSG,(a,S)l—

Equations (2.2) and (2.7) are the basic equations to
solve. Once a solution is obtained, we then can substi-
tute back into Egs. (1.1) or (2.1).

In comparing with Ref. 6, notice that our self-energy
in Eq. (2.1) is divided into a Hartree part plus an ex-
change part, whereas in Ref. 6 [see Egs. (4)-(8)] the
separation is most frequently into a Hartree-Fock part
(which is our Hartree term plus the exchange term with
V replaced by v) and a collision part. Thus our exchange
term contains the collision effects of Ref. 6.

To solve Eq. (2.2) we must make some approxima-
tions. The major one concerns the second variational
derivative term, and constitutes the “chain-breaking”
approximation. The simplest plan is just to neglect the
second variational term altogether. This leads to an
equation that corresponds to the simplest treatment of
responses including exchange, as in Refs. 3 and 4. This
result can be used without great error, but a more
systematic approach is the following.

Consider as a zeroth iteration the equations resulting
from neglect of all exchange terms. This means neglect
of the last term on the left in Eq. (2.1) and the last two
on the right in Eq. (2.2), these two having come from

¢ )
_8U(c, +) 68U(c, —)

]Va(S,b]a), o==+. (2.7)

the former one. In this zeroth iteration we get the
standard Green’s function equation for the shielding
from Eq. (2.2)

Vo9 (ab|c)=56(a—b)v,(a,), (2.8)

where v, is independent of spin and satisfies
vs(a,c)=v(a—c)—/v(a—3)z L,(3443)v:(4,c). (2.9)

Then for a first iteration, use this in Eq. (2.1) and
compute Eq. (2.2). The resulting equation has the same
form as Eq. (2.2) itself, except that V,(3,b|a) is replaced
(in the last two terms) by 6(3—5)v,(b,a). In particular
the last term is

iG,(a,0)Q(b,alc), (2.10)
where
5 (b,a)

&
Q(b,a[c)=fd2v(c~—2)Z¢: V)

(2.11)

The equation for Q is obtained from Eq. (2.9) by taking
a variational derivative

0bial)=—i % [[o(b—3)[Lo(6443,35)+ Lu(6334,45)]V(5.6] . (o)~ [+0-9% Leu0al, @12

where

L,(123456) =G, (12)G,(34)G, (56) .

(2.13)
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The last term in Eq. (2.12) provides a shielding of the exact same type as in Eq. (2.9) : It changes the v(6—3) of the
first term in Eq. (2.12) to v,(5,3). It is convenient to define

z’&,(a45b)=/dZdS[vs (6,3)v:(2,a)+v,(5,2)v,(3,a) ]L,(522334).

Then Egs. (2.2) and (2.7) in this first iteration read®

(2.14)

Ve(a,blc)=8(a—b) { v(a—c)—/d3d4d5v(a—3)2; L, (3453)V 4 (4,5|¢) }+vs(b,a)/d4d5 Vo(4,5|c)L,(ad5d)

M,(a,b|c)Fud(a—b)s(a—c)

+G,(a,b) / d4d5 S Vo (4,5 ) Ay (ad5);  (2.15)

=— / d3d4d58 (a—b)v(a—3)Y Lo (3453)M o (45| c)+1.(b,a) / dAdSM ,(4,5]¢) L, (a45h)

The last terms represent the response of the potential
function in the exchange term of Eq. (2.1). They
depend on spin. The next to last terms are the response
of the exchange charge density (and correspond to what
was calculated in Refs. 3 and 4). They also depend on
spin. The second part of the curly bracket in Eq. (2.15)
is the response of the Coulomb charge density, and
constitutes the standard shielding term. It is inde-
pendent of spin. For this reason, the corresponding term
in Eq. (2.16) is of little significance.

It is interesting to note that if we allow deviations of
up-spin wave functions from down-spin wave functions,
and if these are small, then V+ and M~ are of zeroth
order and V— and M+ are of first order, where

ME=3(M+£M_). (2.17)

VE=3(ViEVo),

The zeroth-order response to a magnetic field is then
from Eq. (2.20)

M~(a,b|c)=pod(a—b)d(a—c)+2:(b,a)

X / dAdSM~(4,5]¢) Lo(a4Sh), (2.18)

where Lo is the zeroth-order part of L,. Taking com-
ponents of this equation provides exactly the spin
polarization of Wolff.* Thus the response in the ex-

& Note added in proof. It has been pointed out that Eq. (2.15)
is a generalization of Eq. (68) of G. Baym and L. P. Kadanoff,
Phys. Rev. 124, 287 (1961). A systematic expansion procedure has
been derived by L. Hedin (to be published): See his Notes “On
the N-+1 Electron Problem,” from the Solid State Science Divi-
sion of the Argonne National Laboratory, Argonne, Illinois

(unpublished).

+G,(a,b) f dAdS Y M (45| )My (a45D), o==. (2.16)

change charge density provides a spin polarization as
calculated by Wolff, and the response of the exchange
potential function provides nothing new to zeroth
order. Of course, once we use the full expression Eq.
(2.15) for V in Eq. (2.7), we should get new terms.

Equation (2.15) will be used below in Sec. 3. How-
ever, it is still too complicated for many purposes, and
we shall write down now a weaker iteration procedure on
the basis of which we shall be able to make calculations
in Sec. 4. The relationship between the two methods is
discussed in Appendix C. In the previous scheme we
took the solution neglecting exchange, Eqgs. (2.8), (2.9),
and substituted back into Eq. (2.1), and proceeded
from there. Here we shall take the solution neglecting
exchange and substitute back into Eq. (2.2) iself. This
then is the first step of an iteration procedure dealing
with just the equation for V. The result is

V.(a,b|c)=25(a—b)vs(a,c)

+, (b,a)fd4v,, (4,c)L,(ad4d)

+G,(a,b) / A4, (4,0)T Ay (a440).  (2.19)

A detailed discussion of the error involved relative to
that of Eq. (2.15) is given in Appendix C.

3. SYSTEMS WITH SPIN DEVIATIONS PERIODIC
IN THE LATTICE

If the spin deviations have the periodicity of the
lattice, then the well-known expansion®® of the Green’s
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function in the imaginary time domain

Zk:WV(—iB)~1+F‘ )

contains functions of Bloch form

where the K’s are reciprocal lattice vectors, and the k’s are restricted to one zone. Thus

Gv(l,Z) = (—1,8)_1 Z Z CXp{ —iZkllg-}‘i(k-f—KO' r1—~i(k+K2)-rz}G,(le1K2) )
k KiKg

where

A 1325
Go(1,2) =2 (—iB) " oxo(r1) oxs (12)* 22 exp(—izst1z)/ (21— Ex), 1)
K o 1
szl:l) -_-*:37 R}
¢kq(r)=§ wx x,o expli (k+K)-r], (3.2)
(3.3)
Go(k| KiKy) = w1, xy, o1, 55,6 (35— Ei) . (3.4)

Similarly, letting p be unrestricted,

L,(1,2,3,4) = (—15)—2 Z Z eXp{i(k, 1*—2)‘{—1(]6,, 3—4)+$K1‘ I'1+ e +iK4' !‘4}1.(;,,(]2 l K1K2)G,(k’ I K3K4) y
kk K

' Ki-- K4

0:(1,2)=(—8)* X v:(p) explii(p, 1-2)].

We shall also need a component

Ao(pr| p,p" [ £2)= (—i)~* / dadbd4d5A,(a45b) exp{ —i(a,p1)+i(4,p)—i(5,p)+i(b,02)} .

In this, we have used %k to mean a four-vector (k,zx),
and (k,a) to mean a scalar product in four dimensions.
Further, in what follows we shall mean by 2+K a four
vector (k+XK, zy).

With these expressions and expansions in mind, we
seek now to solve Eq. (2.15). To do this, we take the
Fourier component in the imaginary time domain®¢

—if
V,(pp’[p”)E/ dadbdc exp{—i(p, a—c)
0

+i(p', b—c)+i(p",0)} Vo(ad]c).
Using the boundary condition®e

Ga(l;z)‘ t1=0= —eXP(ﬁﬂ)G(1,2) [ =18

(3.7)

(3.8)

in Eq. (2.15), we conclude that the frequencies ap-
propriate to the various fourth components of the p’s

(3.5)
(3.6)
are '
ZP=7rV/(_iﬂ)+l‘: v=c£1,43, -,
ZP’=7rV,/(_iﬂ)+“’ Vl:il) +3, -, (39)
Qpre=7v"/(—1B), y'=0,+£2, -,

We shall use 2 to mean even integers (as above) and z to
mean odd integers, in what follows.

Now by forming the component of the type in Eq.
(3.7) of the Eq. (2.15), we obtain “component equa-
tions,” containing the inhomogeneous term v(p— p’)8 - 0.
We shall then suppose that only those component V’s
are not zero that have this inhomogeneous term non-
zero, in its equation. That is, we shall seek a self-
consistent set of solutions of the form

Vopp'|9")=8p:,0Vo(p,0"). (3.10)

Using this form, and the above expansion coefficients,

we then find for the component equations corresponding
to Eq. (2.15)

Vu(?:q) =7)(P— Q)_v(P_q)Zk Lo <k+P) k+‘]) Va’ (k+P; k‘HI)

+Zk: No*(k+p, k+Q) Vo (k+p, k+9)+ 2 Qoo *(k+p, b+ Ve (k+p, k+q), (3.11)
k,o!

where

Lo(k+p, kt9)= X bxixorks14,00G, (k+p— Ko | KiK2)Go (k+¢—K; | KoKy,
Ki---Kq

(3.12)

Noi(ktp, k)= X dxixorrs ke ots (b+Ki1—K9)iG, (k+p— Ky | KiKo)Go (k49— K3 | KKo),  (3.13)
) STXE)

Qoo ¥(ktp, k+q)= 2

k'K1K2g

Ga-(kl I Kle)A,,' (P—kl—‘Kll k+p, k+ql q—‘k,"‘Kz) .

(3.14)
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The summation index k in Eq. (3.11) is not restricted to
one zone. However, the first argument of G(p| K, K'),
namely p, must be so restricted. The entire dependence
on the details of the lattice potential is contained in the
complicated L’s, N’s, and Q’s, leaving the equation for V
relatively simple.

To solve Eq. (3.11) we shall suppose that the depend-
ence on p and ¢ other than through the combination
p—q is small. This is of course exact for the first two
terms on the right, but not for the other two because of
the dependence of N* and QF on the superscript. An
averaging has been used in the corresponding scattering
problem®* and we shall perform a similar type of
approximation here. We introduce the sums

L.(p—q) =§ Lo(k+p, k+q), (3.15)
Nu(P,q)=Zk Nk (k+p, k+9), (3.16)
(3.17)

Qoo (£,9) =Z;. Qoo *(k+-p, k+9),

and rewrite Eq. (3.11) as
V'I(Pﬂ)—I_Z’ Vo (P;q)La' (P—Q)v(P_Q) - Vv(qu)Nc(P;Q)

_Z, Vo (P;Q)Qwﬂ (P:Q):'U(P—QH‘ Tty (318)

where the dots indicate terms that depend only on the
difference between V,(p,q) and V,(p-+k, ¢+%), such
terms dropping out completely if V,(p,q) depended only
on p—¢. Thus we propose another iteration procedure in
which these terms are neglected in the zeroth iteration,
and we shall in fact stop at this stage, although it is not
too difficult to compute (formally) corrections to it.?
Notice that the V (p,¢) in Eq. (3.18) depends on p and ¢
explicitly, because of the presence of N(p,g) and

().
- Using the abbreviations
Vi=Vi(pg)  Ma=Ni+Qist+Q7s
Ly=Ls(p—9) (3.19)
v=0(p—q¢) N'=Ni+Qi+—0QFs
we solve Eq. (3.18)
Vamof [+ (Lt L= Lo
A -1
T 2L v—9] } . (3.20)
1—9t' 2

The equation for V_ is obtained from this by inter-
changing + and — everywhere. This is the basic result
of this section.

This result can be made a bit more transparent by
noting that to first order (in spin deviations) the second
square bracket is equivalent to the first. Since it is al-
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ready multiplied by a factor of first order, we can write
to first order in the denominator

V:!: (P;Q) =0, (P)q)sd: (P:q) ’

where 7, is a modified version of the shielding found
previously by the author® apropos of electron-phonon
scattering,

9:(p,9) =v(p— P {1+2(Ly+ L) — 3 (4R )}, (3.22)

the 9’s containing the response from both the exchange
charge density and the exchange potential function, and
where S, is a new spin-dependent factor

(3.21)

S ( ) 1 1 fR.;.’—i)"L' -1
14 =[ F- ———]
* 21—3(90,/+9)

1 9/ —a!

o

SR ——— (3.23)
21-3(9/+91)
the last form here is not as accurate as the first if the
effects are large. The last form writes the spin effect as
aseparate term. Notice the denominator 1—3(9t,+91_")
in all the spin effects. This is a modified version of the
Wolff spin polarization® modified through the presence
of the Qs in 9, i.e., through the response of the ex-
change potential function. The Q’s cancel in zeroth
order of spin deviations, however, so that 91— N in
that case, and the modification disappears.

In the case of long waves (p — ¢), we can solve Eq.
(3.11) exactly, for only the terms proportional to
v(p—¢) need be considered. The result is then

LimV(5,9)
= (Lo L= L (0 —9%") (1= 90"y

This shows a spin effect even in the limit. Had we used
Eq. (3.21), we would have found that the spin-de-
pendent factor .S would not have been altered in struc-
ture at all in going to the limit.

(3.24)

4. SPONTANEOUS SPIN-DENSITY WAVES

In this section we apply the formulation of Secs. 1 and
2 to the problem of static spin density waves. We follow
the procedure of Overhauser without change, the only
difference arising from our more complicated potential
function, the effect of which can be anticipated before.
doing any calculations. Overhauser’s method is to com-
pute the matrix elements of the exchange term in the
Hartree-Fock equation. These matrix elements depend
on the exchange charge density explicitly, and if this
charge density is regarded as spin dependent to first
order, then an expansion in “spin-density waves” is
possible. But the coefficients in the expansion depend on
the same type of matrix elements that one was calcu-
lating in the first place. Thus the expansion constitutes
a homogeneous integral equation for these matrix ele-
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ments. Nontrivial solutions to it would imply spontane-
ous static spin-density waves. We are not interested
here in any refinements of this procedure, or on the
minimizing of the energy that is required for the
stability of these waves, or such matters. We are
interested only in the setting up of the equation itself.
Our argument is then very simple: Whereas Overhauser
considered only the perturbation arising from a spin-
dependent exchange-charge density, it follows from Eq.
(1.7) of Sec. 1 that the shielding in the generalized
exchange-potential function is also spin dependent, and
should also be expanded in spin waves. The purpose of
this section is to outline how this takes place, and to
show that the effect is not negligible. Unfortunately, the
resulting integral equation is so complicated that we
cannot get any explicit solutions, but we nevertheless
can conclude that in problems of this sort, the spin
dependence of the shielding must be taken into account.

We first shall repeat the theory of Overhauser in our
notation. In general, we need from Eq. (1.9)

W, (l',l) = /dr1d2d3¢y (r)*1(r2)

XiG.(1,3)V,(32|1), (4.1)

(where we shall leave off the subscript “ex’” on W for the
rest of this section), of which the spin dependency is our
primary interest. Overhauser considered only the spin
dependency of G,. For V,, he eventually uses a delta
function potential. Thus, in our notation, he uses for
V,(3,2|1) in Eq. (2.19) just the first term

V. (3,21 1)=25(3—2)v,(2,1),
to which first “locality” is applied
5(2,1)=08(ta— t1)vs(721) , 4.3)
and then the delta function approximation is applied
v (ro1) = A8(ra1). (4.4)

Then he proceeds to calculate W. [His derivation is
stated more generally than is implied by Eq. (4.4), but
the results upon which he hypothesizes about spin
density waves are obtained on its basis. We content
ourselves with comparing with the simplest of his
arguments. We shall in fact not need Eq. (4.4) until the
very end. ]

Our procedure is to use the full expression, Eq. (2.19),
apply locality to it, and finally to use the delta function

(4.2)

G(1,2)G(3,4)G(5,6) l g :’t:=7:(—7:i6)—2 Z’ @plpzpa’(rl' ‘ 'TG)F(plpizpleva') CXP(—iQutm—iQp'hs) .

ta=tls
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approximation. We get three terms

W)= £ WO UD=F [ dndzispteiy e
i=1 g

XiG,(1,3) V2 (3,2|1), (4.5)
where
V.M (3,2|1)=6(3—2)v,(2,1), (4.6)
V,®(3,2|1)= vs(2,3)/(147)8(4,1)L,,(3,4,4,2) . 4.7

V.®(3,2|1)=G,(3,2) / o, (A1) A (3,44,2).  (4.8)

W® is the Overhauser term. W® is the spin effect from
the exchange charge density in the shielding, and W® is
the spin effect from the exchange potential function in
the shielding.

We now wish to obtain the locality of the V(9’s, To
get the locality simply of v,(2,1), as already appears in
the Overhauser term, we go back to Eq. (2.9), and
notice that in the standard® expansion of L

Ls(3,44,3)=1G,(3,4)Gs(4,3) = — (—iB)!
X 2 > q’pxpz“(fafzxﬂrs)

y=0,42:++ p1D2
XF(pip2| Q) exp(—iQutze), (4.9)
where
F(p1p2 [ Q)= (fpl— sz)[EPz—Em-"Q]_l ’ (4-10)
and where generally we write
®pipg.. . O (Talplolar + )
= [Qapllf(ra) ‘prc(r b) *:”:‘szu (rc) Ppao (rd) *] R (411)

we get the desired locality ({3=1,) by ignoring the fre-
quency dependence in F. This is the style of approxi-
mation by which we shall obtain locality in the other
terms.

In Eq. (4.7), we want again ¢;={,=13. We have on the
basis of the locality of the v,’s that {;=1{4 and #,=¢;. But
the factor L,(3,4,4,2) by the approximation above gives
t3=1t4, which gives us what we wish.

In Eq. (4.8), we have A,, which is given by Eq.
(2.14). In A, appears a product of three Green’s func-
tions, for which the expansion is

(4.12)

Again the procedure is to ignore the frequency dependence in F:

F (p1p2ps| QQ")=2F (p1psps| 0,0)=F (p1p:ps) ,

F(pip2ps) = F (papspr) = F (papips) =

LE:(fo—f)(A=2f)1+[ +[ ] (4.13)

(Er—Es) (E2— Es) (Es— Ey)
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This gives locality to V®. The empty brackets are obtained by cyclical rotation of the indices in the first one.
The three potentials are now

Vo0 (3,2] 1) =8(t12)3(3—2)v, (r21) , (4.14)

V(3,2 | 1)=—5(t12)d (t23)/d"47)s (ran)vs(ras)s 2 F(p1p2)®pip.” (rararary), (4.15)

p1p2

Va®(3,2[1)=06(t12)8 (25) / Ars(rn)Ge(3,2)3 2 F(pipeps)

pP1p2p3
X/drsdfs[%(7’26)'03(1’53)-|"Us(1’25)7)s(7’63)]Z‘ppxpzpz"’(lll‘sl‘al'srell). (4.16)

We proceed to calculate the W’s of Eq. (4.5).
Following Overhauser, we introduce the spin-dependent wave function

@po(1) =¥9(1)+ 0100 Wpr () +p-0 2 ¥p-a(7) (4.17)
where Q is a wave vector to be determined, where by first-order perturbation theory
by 7 =—bpp*=W.(p',p) (Bp—Ep)?, (4.18)

and where the ¥’s mean plane-wave functions. In computing Egs. (4.5), we find two possibilities I'=14Q, and
I'=1-Q, of interest. We consider from now on only the former.
For W®, we get from Egs. (4.5), (4.14), and (4.17)

W, (l’,l)=/dr1dr2 2 fope(r1) 0po (ra) ¥vs (ran)¥r (x1) *¢1 (1)
P

=2 Ws(p+Q, p)Bin® (p+Q, p), (4.19)

where
Bi® (p+ Q,p= (fp‘"fHQ) I:Ep-l»Q—Ep]_l”s (p—D). (4.20)
This is Overhauser’s result.
For W®, we get from Egs. (4.5), (4.15), and (4.17)

WA )=—% X Wi (pi|pps) foul (0203) (4.21)

P1p2p3
where
U117 (1] paps) = fdl'l' <+ 140 (723) 05 (T4 (1) 51 (12)Pppops (111315141, (4.22)

We find after a tedious calculation, manipulation of signs of dummy indices, and use of the identity in Eq. (4.18)
that Eqs. (4.21) and (4.22), for I'=14Q give

W, ¥ D=3 W,(p+Q, p)Bii®(p+Q, p), (4.23)
where ' |
Bui®(p+Q,p)=% X fulF(p2,0)—F (p2, p+Q) [ Epro—E, I
" X[01,prtpa4%s (0= D)2e (01— 1)+t p14p31p0: (P2 Do (p1+1') ]
+3F (0, p+Q) X 8150 prtoF (102)vs (1= p2)os(po1) . (4.24)

P1p2

This represents the spin effect stemming from the exchange charge density in the exchange term of the shielding.
The second p1p2 sum here came from the first-order part of G,(1,3) in Eq. (4.5), i=2, paralleling the origin of By®.
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For W® we get from Eqgs. (4.5), (4.16), and (4.17)

WOl h=-3 ¥ Tofor B (Psp2p3)vs (P12)vs (P23)vs (P31) X11®

pp’ p1p2p3
where
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(4.25)

Xp°= Vﬁl/drldrﬂirﬂbl’(rl)*¢l(r2)‘Ppa’(rl)‘ppv(r3)*§0p’v(r3)‘PP'U(r?)*

X[exp(—irl'psl—‘im'ma“il‘a‘P12)+8XP(—irl'Dal—il‘z‘pw—irs'm:&)]-

(4.26)

The square bracket in x comes from use of plane waves in the ® of Eq. (4.16), valid since the sum over ¢’ contains
no first-order terms. After another tedious calculation we find

W,AWU )= W.(p+Q, p)Bin® (p4Q, p),
P

where

(4.27)

Bi®(+Q,p)=— 2 2 F(p, p+Q) fvs(p12)v5(p23)vs (p31) F (D1p2p3)

pip2p3s p’

Xap,H—anp’ ,l—pza+5p’,l~pm+ Bp’ ) 1'—p12+5p'.1’——pzs] .

(4.28)

This represents the spin effect stemming from the exchange potential function in the exchange term of the shielding.
We are thus in a position to write the integral equation by adding Eqgs. (4.19), (4.23), and (4.27), and substituting

into Eq. (4.5). Defining

W) =W, h)=W_(),

we get

W=l D)=3 W+(p+Q, p) 2 Bi? (p+Q, p),

(4.29)

(4.30)

=1

where the B’s are given by Eqgs. (4.20), (4.24), and (4.28).

To solve, we set

W) =0.

(4.31)

For W—, we have the possibility of a static spin-density wave of wave vector Q of the Overhauser type provided
there exist nontrivial solutions to Eq. (4.30). As stated at the outset of this section, we find extra terms, B® and
B®, beyond what Overhauser found, but we find it impossible as yet to solve the equations.

It is of interest to write the B’s for the case where the v, function is approximated by a delta function, as in

Eq. (4.4):
Bin@(p+Q, p)=AF(p, p+Q),

Bin®(p+Q, p)=A4A% 2 [F (p2,p)—F (ps, p+Q)][EP+Q—'EP]—prlal.Pl+p2+p

P1p2

Bi@® (p+Q, p) =AF(p,p+Q) 2 X F(Plpzps)fp"sp.lﬂu[:ap’,1—p23+8p’-1~p12+5p’J’—pm‘l'ap'.l'—pzs]-

p1p2p3 p’

It is immediately evident that the solution appropriate
to Eq. (4.32) alone, namely,

W (I ])=const, (4.35)

is no longer a solution when B® and B® are taken into
account, even on the delta function approximation. The
new terms are of the order (4/Er) and (4/Er)? times
the original term. The value of A4, according to Over-
hauser, is of the order of Ep (the Fermi level), so that
there is no assurance that the new terms are small. We
have calculated the first part of Eq. (4.33) in Appendix
B to verify this. The equation is so complicated that

(4.32)

+3F(p, p+Q) X 8150 piroF (P1p2)}, (4.33)
P1p2

(4.34)

it is not clear under what conditions a nontrivial solu-
tion may exist. In any case, if there is a nontrivial
solution, there is no guarantee that the Q value for it
would necessarily lie near the Q Overhauser found.
Unfortunately, we can do little more here than point to
this new source of effects, and to claim that it is not,
apparently, a negligible one.

5. CONCLUSIONS

In the preceding sections we have investigated the
nature of the potential function in the exchange term of
the generalized Hartree-Fock equation, subject to a


file:///Q.Zo
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basic chain-breaking approximation which amounts to
an iteration procedure using for zeroth iteration the
solution neglecting exchange. This procedure also line-
arizes the equation for the potential. In Sec. 3, for spin
deviations periodic with the period of the lattice, the
spin-independent part of the potential turned out to be
a Coulomb potential shielded in a way slightly different
from that found previously for the electron-phonon
scattering problem. In the same section, the spin-
dependent part of the shielding was found, and it could
take most rigorously the form of an alteration in the
spin-independent shielding denominator as shown in
Eq. (3.20), or, to within a first-order approximation, it
could be regarded as a multiplicative factor in the
potential as in Eq. (3.21), or, finally, it could be re-
garded as a separate term in the potential as shown in
Eq. (3.23). The spin effects are always enhanced by a
Wolff-type polarization, and this enhancement may be
rather large (Appendix A), especially for metals with
distorted Fermi surfaces. Perhaps this is the reason why
substances like copper are the most important for
exhibiting anomalies when magnetic impurities are
present.

In Sec. 4, we showed how these considerations affect
the spin density wave calculation of Overhauser. The
integral equation determining the spin-density wave
matrix elements contain now terms arising from the spin
effect in the shielding of the potential in the exchange
term of the Hartree-Fock equation (generalized). The
new terms are apparently of the same order of magni-
tude as the original ones that arose from the spin effect
in the exchange charge density in the Hartree-Fock
equation. The new integral equation is sufficiently
complicated to imply that solutions beyond the trivial
one would be hard to find.

The general conclusion is that in a one-electron equa-
tion, the spin dependence of the shielding in the po-
tential may play an important role in magnetic problems.

ACKNOWLEDGMENTS

The author is grateful to Dr. Lars Hedin for a number
of informative and stimulating conversations concerning
the general problem, and concerning his own extensive
investigation (to be published) into the exchange cor-
rections of numerous spin-independent quantities.

APPENDIX A: EVALUATION OF THE EXCHANGE
SHIELDING AND THE POLARIZATION

We reduce in this Appendix the terms N and Qg0
No(p,g)=1 Zk Go(p+k)Go(g+R)vs(k) (A1)
Qu(p,9)= X Go(k)Ao(p—F | k+p, k+qlq—F), (A2)

Kk
in the denominator of Eq. (3.22) [see Eq. (3.19)] for the

exchange shielding, and in the solution of Eq. (2.18) for
the spin polarization. We do this on a free-electron

BAILYN

model for the space integrals, and using a “local”
approximation (see Sec. 4) for the time integrals.
First consider N. In space-time integrals it is

—if
No(p,q)=// dadbvs(a,b)[iGo(a—c)Go(c—b)]

XCXP[‘—i(D' rac+q' rcb)

Fi(zptact2elen) ].  (A3)
The local approximation allows us to use
Y)S(G,b)gé(ta b)vs (ru b) y Us (k)—%%(k) ) (A4)

and to neglect the subsequent @ dependence in the ex-
pansion of ¢G(e¢—c)G(c—b), (where ¢,=1,) given by Eq.
(4.9). The » sum in Eq. (4.9) yields 8(¢,.) so that there
is no dependence in Eq. (A3) on 2, or 3,. The result is

No(M)=Z F, p'—p+@v.(p'—p), (A5)

which is the same as found in Refs. 3 and 4.
In the limit of small s=q—p, we have

d >vs(p'—p)

5f
Nop,p) =V (&%) / dp’(—~
oF'

= V(8r3)_‘/ds'] VE'|~v,(p"-p)- - -

integral over Fermi surface. (A6)

Using a Bohm-Pines cutoff expression (cutoff frequency
k,=0.353ko?, where 7, is the Wigner Seitz radius in
atomic units, and %o the radius of the Fermi sphere)

vs(p)=4re®p= p>k,
=0 < ke ) (A7)
and using free-electron energies, we obtain from Eq. (A6)
No(p,p)= (wanp)™ In[ (ko+p)k] p>ko—k.
= (wahp)—l 11’1[(/60"}‘?) [ko—P l *1]

p<ko—k., (A8)
where a;,=7%%/me’. Thus, some limiting cases are
No(ko,ko) = (warko)™ In(2ko/k.) (A9)

Ny (0,0) = (Tahko)_l =0.558 (Cu) .

If we wish to do better than a free-electron calcula-
tion, we must have an analytic expression for |VE|-L.
Short of this we may multiply the result in Eq. (A8) by
some average correction such as

e=[/d5|VE|—1]/[/dS[VE|—I] . (A10)
free electron

Values for e can be obtained from specific-heat data
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TaBLE I. The shielding factor in the long-wave limit for mono-
valent metals. ¢ is the lattice constant, related to the ko of Ap-
pendix A by kea= (1222)!/3 for fcc lattices and by koa= (6x2)1/3 for
bec lattices, in angstrom units. e is given by Eq. (A11), and the N
is the long-wave limit of the function defined in Eq. (Al). The
quantity (1—N)™1is the polarization effect on the matrix element.
Q‘Ill'd (1—N)72 is the polarization effect on the transition proba-

ility.

Factor Li Na K Rb Cs Cu Ag Au

a 343 422 520 556 592 3.61 408 4.07
€ 1.22 0.885 0.862 0.841 0.794 144 1.02 1.16
(1—N)t 394 253 2.88 291 276 472 250 3.17
(1—N)2 155 640 830 848 7.61 223 6.25 10.2

(Ziman,?) or effective mass data. In Table I, we tabu-
late the values for some materials. We notice that when
the Fermi surface gets distorted, the polarization gets
quite large.10

Next we turn to Q. Notice that Q does not enter the
polarization 1—9U" (to zeroth order). It provides a
correction to the spin-independent shielding however.

In space-time integrals, Eq. (A2) becomes

Qp,)=LV(—iB) I / dadbddGo(a—b)Ao(ad4d)

Xexp[—i(a,p)+i(4, p—9)+i(b,0)]. (All)

Expanding Ao according to Eq. (2.14), using the local
approximation of Eqgs. (4.12), (4.13), we find

Ao(addd)=iV-1(—iB)2 X v,(k)v, (k)
kk’
Xexp[i(k,b)—i(k',a)] > F(pip:ps)
P1p2p3
X exp[i(zr—2i )latires (p1—ps) ]
X [8(k'—pi+ps, 0)8 (k+p2—ps, 0)
+6(k+p1_p2) 0)5 (k,—p2+p3) 0)] )

where the sum on % contains four components. We
neglect the z; dependence of v,(k) (the local approxima-
tion again), and find after a calculation

0(p,9)= X Fla+k K, p+k)v,(q+k—k')
k,k’
Xvs(p+k—K') for gt -

(A12)

(A13)

This is as far as we go in reducing Q.

APPENDIX B: ORDER OF MAGNITUDE OF B®

We here calculate the first part of B® in Eq. (4.33) in
order to demonstrate that it appears to be of the same

9 J. Ziman, Electrons and Phonons (Oxford University Press,

New York 1960), pp. 109, 114. . ]
10 The calculations that led to Table I were first written up in the

report mentioned in footnote 8.
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order of magnitude as the original term B® in Eq.
(4.32). The first part of B®, B’, can be written

B'=A"[C1,pfp—CirQ.0+0/p+0—D1,pFDir,p+0]

X[Ey—Ep]™, (B1)

where
Cl,p:Zk: [l Brpx—E, 171, (B2)
(B3)

D=2 fufip sl Erpx—E, ]
k

We content ourselves with calculating C on a free-
electron model for the energy. Integrating over
cos(l—p, k), we find

2m Vk()3 , . ,
”ﬁ2k02 P I (', k)=cErI (¢ k),

(B4)

Cip

where k¢ is the radius of the Fermi sphere, V is the
volume, ¢ is a constant of order of magnitude 1 (=3 for a
bec lattice, and =$ for an fcc one), and where Er is the
Fermi energy. Here

1 rt (x—k)2—x?
J (k)= —-—f dxXIn|——|, (BS)
< Jo ()2
with the abbreviations
x=k/ko, K,=|l—p|/k0, K=P/kc. (B6)

The integral in Eq. (BS) can be carried out, and we find

I(K k)= (') {@er—3% (22— 1) In[ (a1 +1) [ a1 — 1] 7]
+ae— 5 (@2 —1) In[ (1) [w2—1[ 7]}, (B7)

where

(B8)

ni=«"+k, x=«—«.

The function I is of order of magnitude 1. A few
limiting cases are

Lim/ (¢ k)=2,

0
LimZ («',k) =2{1— ((x"*—1)/2x)
- XIn[ (26+1)[2c—1]1]},
Liml ()= 2{1— ((4*—1)/4x)
” XIn[ (2k+1) | 2k—1]-17}.

(B9)

Thus from Eq. (B4), C is of the order of magnitude
1/Er. But 4, according to Overhauser,? is also of the
same order. Hence we conclude that the calculated term
in B® is of the same order of magnitude as the original
term B®,
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APPENDIX C: COMPARISON OF THE TWO
ITERATION PROCEDURES

In this Appendix, we apply the formalism of Sec. 3
to the problem of Sec. 4, and thereby assess the ap-
proximation that went into the latter.

Using the spin-density wave expansion of Eq. (4.17)
in the form

<Pp«(’)=% bprQ.0 Wi (1), (c1)

where Q can take on values +Q, —Q, and 0, the =Q

BAILYN

values of b given by Eq. (4.18), and the Q=0 value
given by

bp-P(”): 1, (CZ)

we see that the formalism of Sec. 3 is immediately
applicable once we identify the K index with Q, and set
in Eq. (3.3):

G(p]Q1Q2) =bp10,5 05100 [2o— Ep ]

Then the components of the type in Eq. (3.7) of Eq.
(2.15) yield

(C3)

Vo(pp'|8")=v(p—$")0p 0— (—iB)~" 2 %Q Gor (k] QQ2)Gor (k'] QQu)v(p—p")

X Vo (k+Qg, &'+ Q3| p""+p—p' — b+ E — Qo+ Q3)8 (p— p' — k+F — Q1+Qy, 0)
4 (—=iB)! k%Q G, (k]| Qle)Ga(k/IQSQO%(P‘k—Ql)E(P_P'—k+k/—Ql+Q4, 0)

XVo(k+Qo B 4Qs|p"+p—p'—k+E —Qu+Q5)+ > G, (k] Q.Qy)
Qk,k,x’

XZ Vol | =t +p=p'+p" )Mo (p—k—=Qul , K[ p'—=k—Qs) . (C4)

We get Eq. (3.11) from this rather general expression
by seeking only the V (p,p’|0) components. But here we
regard each G(---|Q1Q2) to be of nth order if # of the
(Q’s are nonzero. It can readily be seen from the equation
that V(p,p’|0) is of zeroth order, and V,(p,p'| £Q) is
of first order. Thus the equation for V(p,p’|0) is the
same as in Sec. 3, except that to zeroth order, all the
L’s, N’s, and Q.4 ’s of Sec. 3 are spin independent. The
solution for V (p,p’|0) is then given by Eq. (3.22) on the
assumption that V(p,p")=V(p+k, p'+k) [see Eq.
(3.18)7].

The equation for V,(p,p’| Q), 00, has two types of
terms on the right in Eq. (C4), one containing only
V(---]0), the other containing V,(:--|Q), the latter
from the third = term on the right. One can lump this
latter V,(---|Q) dependent term with the left-hand
side and solve for V,(p,p'|Q) in terms of V(---]0).
This gives a polarization effect of the same type as in
Eq. (2.18), and as appears in Eq. (3.20) in the 1—9U
factor in the denominator.

By this procedure, we can find from Eq. (4.1) the
first-order contributions to W (first order being denoted
by &’s) in the form

W, (I )= f drid2d3y (r) i (r2)[16G,(1,3) Vo (32]1)
+iGo(1,3)8V,(32[1)], (C3)

where the subscript “0” means zeroth-order part. The
Vo here to be used has the components V(p,p’|0)
described above, and the §V,(3,2| 1) has the components
Vo (p,p'| Q) described above. In this general manner,
one can proceed to compute 6W, from which the integral
equation should follow.

To the first part of the square bracket in Eq. (CS5)
there corresponds the W® of Eq. (4.19), the last term
in W® [ie., in B® of Eq. (4.24)], and an unseparated-
out contribution to W® of Eqgs. (4.27), (4.28). To the
second part of the bracket corresponds the first term of
W® and the other part of W®. It was thought desirable
to lump the contributions as in W®, W®, and W in
Sec. 4, primarily because the two parts of W®
separately are not Hermitean, but together they are.
[The one part comes from the first-order part of G(1,3),
the other from the first-order part of G(3,2). See Egs.
(4.5) and (4.8).]

To obtain from Eq. (C4) the approximation actually
used in Sec. 4, we (1) neglect the polarization effect,
(2) in the equation for V(p,p'|Q), use Vo(p,p’|0)
=v,(p,p’) on the right, and (3) for the V, in the first
term of the square bracket of Eq. (C5), use the right-
hand side of Eq. (3.18), with Vo=v, there. We shall
amplify this relation below.

First of all, the neglect of spin polarization is not a
crucial matter. It will modify the details of the results,
but not the order of magnitude or significance. Further-
more, its inclusion would enhance the importance of the
8V term in Eq. (CS5). Since our purpose is to demon-
strate the importance of this term, the neglect of the
polarization effect gives us an underestimate. To have
included it would have amounted to altering the value
to be ascribed to some of the A’s in Egs. (4.33) and
(4.34).

Secondly, the equation for V (- - - | Q) described above
reduces to the same expression [in terms of V(p,p")]
that is implied by Eq. (2.19) (in terms of v,), for in the
latter, the only contributions stem from the L, and G,
factors in the last two terms on the right, just as they
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do in Eq. (C4). Thus the estimate of the 8V term [of
Eq. (C5)] used in Sec. 4 has the correct structure, but
errs only in what is used for Vo(p,p’|0). Since this Vy is
reduced to a constant in Eqs. (4.33) and (4.34), we
conclude that the estimate of the new effects is not
essentially the worse by use of the weaker iteration
procedure.

However, the third remark above, the approximation
for Vq to be used in the first part of the square brackets
of Eq. (C5), is a more difficult matter. If we had used a
shielded expression as in Eq. (3.22), we would have
obscured the Hermiticity that in Sec. 4 appears in W®,
and was referred to in the second paragraph below Eq.
(C5). The weaker iteration procedure that led to Eq.
(2.19), instead of to a shielding denominator as in
Eq. (3.18), really affects only the ¥, term in Eq. (CS5)
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and does not affect the structure of the new type of term
proportional to 8V. Or, stated differently, the weaker
iteration procedure affects primarily the spin-inde-
pendent details of the shielding in the potential function
V in W, but does not affect the spin-dependent effects
of the shielding that were the purpose of Sec. 4 to bring
out. Moreover, even this spin-independent term’s ap-
proximation cannot be too far off, since the major part
of the spin-independent shielding comes from the
5(a—0b) term in Eq. (2.2), the others acting as correc-
tions which can then be treated by an iteration method
with a fair degree of accuracy. It is hoped that a more
accurate treatment can be made, but the difficulties
become so great that the relatively simple treatment of
Sec. 4 was considered to be the most useful way of
presenting the problem.
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High-Temperature Magnetic Susceptibility of Interacting Electrons in a Solid*
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In this paper we consider a pair of electrons in an energy band which interact through a short-range po-
tential. The scattering amplitude is determined exactly, and the energies of states in which the two particles
are bound together are found. The change in the density of two-particle states produced by the interaction is
computed and used to calculate the second virial coefficient occurring in the expansion of the logarithm of the
partition function in powers of the density. Inclusion of an external magnetic field allows determination of
the magnetic susceptibility at high temperatures. The result has a form equivalent to that obtained in
Stoner’s theory of ferromagnetism, thereby justifying that theory in the high-temperature region and yield-

ing an expression for the molecular-field parameter ¢’.

I. INTRODUCTION

JOME years ago, Slater, Statz, and Koster! (SSK)
considered the problem of two electrons in an
empty band (or two holes in a full band) with a view to
determining whether a triplet or singlet state of the
pair has lower energy. They concluded that, if the
band is nondegenerate, a singlet will always be the
lower. Recent developments in scattering theory? led
us to re-examine the model of SSK to investigate
whether rigorous conclusions may be drawn from it
concerning the statistical mechanics of a low-density
electron (or hole) system.
In a two-body problem, the scattering amplitude is
a useful quantity to calculate. Not only does it give
information concerning actual scattering processes, but
energies of bound states may be calculated, and, of

* Work supported by the U. S. Air Force Office of Scientific
Research.
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most importance for the present problem, the effect
of the interaction on the two-particle density of states
may be determined. Knowledge of the appropriate
density of states makes possible calculations of im-
portant thermodynamic quantities.

One way of obtaining a relation between scattering,
the density of states, and thermodynamics is through
the virial expansion of quantum statistics.? It is well
known that for a gas, the second virial coefficient can
be exactly expressed in terms of integrals involving the
scattering phase shifts. We show here how the virial
expansion may be constructed in a solid-state problem,
and give an exact expression for the second virial
coefficient when only short-range interactions are
included. This theory makes possible a general approach
to the statistical mechanics of interacting excitations
at low density.

Applications of the virial expansion in solid-state
problems have not been developed extensively hereto-
fore, presumably because the density of electrons in a

3 K. Huang, Statistical Mechanics (John Wiley & Sons, Inc.,
New York, 1963), Chap. 14.



